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", The requirement of the jx-r symmetry in the neutrino sector that yields the maximal atmospheric 

neutrino mixing is shown to yield either sin #13 = (referred to as CI)) or sin #12 = (referred to as 
' C2)), where #12(13) stands for the solar (reactor) neutrino mixing angle. We study general properties 

. possessed by approximately \jl-t symmetric textures. It is argued that the tiny u, -r symmetry 

breaking generally leads to cos 2#23 ~ sin #13 for CI) and cos 2#23 ~ AmQ/Am 2 tm (= R) f° r C2), 
' which indicates that the smallness of cos 2023 is a good measure of the /i-r symmetry breaking, 

where AmJ im (Attiq) stands for the square mass differences of atmospheric (solar) neutrinos. We 
further find that the relation R ~ sin 2 613 arises from contributions of 0(sin 2 #13) in the estimation 
ly-^ ■ of the neutrino masses ( 7711,2,3) for CI), and that possible forms of textures are strongly restricted 

to realize sin 2 2#i 2 = 0(1) for C2). To satisfy R ~ sin 2 #13 for CI), neutrinos exhibit the inverted 
mass hierarchy, or the quasi degenerate mass pattern with |toi,2,3| ~ C(^/Am 2 tm ), and, to realize 
sin 2 2#i2 = O(l) for C2), there should be an additional small parameter 77 whose size is comparable 
^ \ to that of the fj,-r symmetry breaking parameter e, giving tan 2#i 2 ~ e/rj with n ~ e to be compatible 

00 ■ with the observed large mixing. 

PACS numbers: 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St 

o 
\o 
o 

"^h \ I. INTRODUCTION 

a: 

JL . Since the confirmation of the atmospheric neutrino oscillations in 1998 [l|, neutrino oscillations have been observed 

' in various neutrinos @ coming from the Sun 0, 0], accelerators [B| and reactors The results of the neutrino 

oscillations are known to be interpreted in terms of the mixings of three flavor neutrinos, v e , and v T , which evolve 

into three massive neutrinos v±, V2 and v-$ during their flights. Observed in experiments are three mixing angles 

. \ denoted by B\i for v e -v^, 023 for v^-v T and #13 for v e -v T and two neutrino mass squared differences Am 2 tm for 

atmospheric neutrinos and Atoq for solar neutrinos. These masses and mixing angles are currently constrained to 

H ' satisfy 0: 
CZ ' 

_ _ 1 

Am| = 7.92(1 ±0.09) x 1CT 5 eV 2 , Am 2 atm = 2.4 fl +° H ) x 10~ 3 eV 2 , (1) 



and 



sin 2 12 = 0.314(l toil), sin 2 ^23 = 0.44(l sin 2 13 = 0.9( ) x 10" 2 , (2) 



"0 



1 2 — m\ (> 0) [3 and Am 2 tm = |m 2 — (m 2 + m|)|/2 and mi, 7712 and 7713, respectively, stand for the 
masses of v\, and V3. These experimental data have indicated two distinct properties: 1) The atmospheric and 
solar mixing angles measured as sin 2 29 are 0(1) while the reactor mixing angle #13 is quite small, and 2) The mass 
squared differences Am 2 tm and Atoq exhibit the hierarchy as Atoq/ A7n 2 tm <C 1. 

It has been a guiding principle that the presence of hierarchies or of tiny quantities implies a presence of a certain 
protection symmetry in underlying physics . Candidates of such a symmetry in neutrino physics 01 ma y include 



'Electronic address: fuki@phys.metro-u.ac.jp 
^Electronic address: yasue@keyaki.cc.u-tokai.ac.jp 



2 



U(1)l' based on the conservation of L e — — L T (= V) [Tllll^|. and a ll -r symmetry based on the invariance of 
flavor neutrino mass terms under the interchange of and v T characterized by Zi [13L Il4l Ha. Ha. Il7| . where L e fl T1 
respectively, represent the e-, /it-, and r -number. These symmetries show that Amg/Am^ (m = 0, sin 2 26 12 — 1 an d 
sin 6>i3 = for U(l) l> and sin 2 26*23 = 1 an d sin 6*13 = for the li-t symmetry. Since the charged leptons clearly violate 
these symmetries, the effect from the charged leptons yields deviations from these values and we expect that their 
contributions finally give compatible results with Eqs.QJ and J2J. However, the charged leptons and neutrinos are the 
S'f7(2)i-doublets and the fi-T symmetry respected by neutrinos should be respected by the charged leptons. This fact 
apparently disfavors the requirement of the fi-r symmetry. To have li-t symmetric mass terms, we must introduce 
several Higgs scalars with the different Z 2 parity, where their vev's can provide charged lepton masses [TEl ITtI ITsf 
in such a way that the charged leptons acquire almost diagonal masses, which badly break the li-t symmetry. The 
price to pay is to have flavor-changing neutral current interactions due to the direct exchanges of these Higgs scalars. 
Effects from the interactions become sizable for quraks when the /i-r symmetry is applied to grand unified models 
|l9j | and should be suppressed. If neutrinos are Majorana particles, which are different from charged leptons of the 
Dirac type, it is expected that this difference may supply approximately li-t symmetric neutrino flavor structure. 

In this article, we discuss details of physical results from the requirement of the \i-r symmetry in neutrino mixings 
without CP phases. The influence from CP phases will be discussed in a subsequent article (201 . Throughout this 
article, we assume that the effects from the charged leptons are fully contained in our discussions as li-t symmetry 
breaking effects. We calculate eigenvectors associated with a given flavor neutrino mass matrix M v , which determines 
the Pontecorvo-Maki-Nakagawa-Sakata unitary matrix Upmns H3 that converts the flavor neutrinos v e4l ^ T into the 
massive neutrinos ^1.2,3: Vf = (Upmns) fi v i, where f=e, fi, r and i=l, 2,3. The genuine use of the li-t symmetry 
indicates two categories of fx-T symmetric textures, which give either sin #13 = 0, or sin #12 = in Upmns depending 
on the order of the eigenvalues. After including a li-t symmetry breaking effect characterized by a parameter e, 
yielding either sin 6*13 ~ e, or sin 6*12 ~ e, we find general constraints on flavor neutrino masses that yield sin 3 #13 <C 1 
and Atoq/Ato 2 ^ -C 1. Furthermore, to obtain sin 2 2#i2 = 0(1) from sin 6*12 ~ £ gives a severe constraint on sizes of 
the flavor neutrino masses. The /i-r symmetry breaking results in a correlation of 0086*23 to sin 6*13, or to Amg/Am 2 tm 
[22T |. If mi +m2 ~ giving Aijiq ~ 0, we show that the relation of Amg/Am 2 4m ~ sin 2 6*13 arises in textures leading 
to sin 013 = in the \x-t symmetric limit. 

In the next section, we explain how sin #13 = and sin6 l i2 = are obtained in the li-t symmetric limit. The useful 
formula are shown to calculate neutrino masses and mixing angles, where two categories depend on the signs of sin 6*23 
for a given M v . In Sec lIIII we derive various constraints to realize sin 2 6*13 -C 1 and sin 2 26*i2 = 0(1). In Scc lIVI 
applying these constraints to textures, we find general relations among 00326*23, sin 2 6*13, and Atuq/ Am^ tm , which 
do not depend on details of textures. 1 The final section, Sec0 is devoted to summary, and discussions. 



II. li-t SYMMETRIC TEXTURE 

Let us define a neutrino mass matrix M v parameterized by 2 

/ M ee M e(U M eT \ 
M v = M eiL M w AV . (3) 

\ Mer M„ T M TT J 

The /i-r symmetry is based on the invariance of the flavor neutrino mass terms in the lagrangian under the interchange 
of <-> v r or «-> — v r . As a result, we obtain M eT = M efl and = M TT for «-> v T or M eT = —M ell and 
M^fj, = M TT for *-> —v T . We use the sign factor a = ±1 to have M eT = —aM e)l for the li-t symmetric par t under 
the interchange of «-» — av T . We divide M v into the li-t symmetric part M sym and its breaking part Mb [24ll25ll2q 

expressed in terms of M^ = (M efJ , ± (-aM eT ))/2 and Mj$ = (M w ± M TT )/2: 

M v = M sym + M b (4) 



1 Specific forms of textures that respect our constraints will be presented elsewhere to make testable predictions l23l . 

2 It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-current interactions and to 
define the flavor neutrinos of v e , and v T . 
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with 



M e . 



(+) 



M<+> 



A4 = 







(-) 







(5) 



— M, 



(-) 



where obvious relations of M efJ _ — Af + M ' . 

are used. The lagrangian for M sym 



M KT = -a(Afi+ } - M$), Af MM = 



1 er 

-A 



A/, 



and M TT = 



— ip M sym ij)/2 with ip — (i/ e , Ufi, v T ) turns out to be 
invariant under the exchange of <-> — av T . 

It is not difficult to find three eigenvalues of the \i-t symmetric M sym . After a little calculus, we obtain three 
eigenvalues A± and A 



(6) 



where 



M RK - M, 



(+) 



x± 



- crM^r ± y^A^ 



M, 



(+) 



8M, 



(+)2 



2M 



(+) 



(7) 



The ordering of |A±| and |A| determines masses of ^1,2, 3- For example, if |A_| < |A + | < |A|, the neutrino masses are 
given by mi = A_, m% = A + and 7713 = A as the normal mass hierarchy and by m\ = A+, 7712 = A and 777,3 — A_ as 



the inverted mass hierarchy. The quasi degenerate mass pattern further requires \rrii 



,|«|m 1 ,2, 3 | (i,j = 1,2,3). 



These two examples show the typical cases, where A is assigned to i/ 3 or to the others. We will see that, if A is 
assigned to the mass of 1^3, sin 6*13 = is derived, while if A is assigned to the mass of sin 6*12 = is derived. 3 The 
eigenvectors are also calculated to be 



|A_)=77_ 



— X- 

-1 

(T 



|A + > 



x+ 
1 

— a 



|A) 




(8) 



respectively, for A_, A + and A, where n± = J 2 + x\. These eigenvectors are determined up to an arbitrary relative 

phase as long as corresponding eigenvalues remain intact. The orthogonally condition is obviously satisfied because 
of = —2. These eigenvectors form the PMNS unitary matrix expressed by 



U 



(o) 

PMNS 



where cy = cosi?y and Sij = sini?y-. 



C12C13 S12C13 S13 

-S12C23 - C12S23S13 C12C23 - S12S23S13 S23C13 
S12S23 - C12C23S13 -C12S23 - S12C23S13 C23C13 



(9) 



We first assume that M v gives |A_| < |A + | < |A| in the normal mass hierarchy and, thus, assign A to 7773. As a 
result, Upmns can be described by 



1 



V 2 +(*-) 

By comparing it with U P °l INS , we obtain that 

tan 20i2 = 



— X- 

-I 
(j 



1 



V 2 + (*+r 



2V2M e ( + } 



x + \ 




( 




1*1 


a 


-° 1 




\ 1 



(10) 



M, 



(+) 



(tMut - M e 



-, sin 2#23 = cr, sin( 



13 



0. 



(11) 



3 This kind of consideration has been done in Ref . 1271 , where it was mainly applied to the analysis on the CKM unitary matrix l28l . See 
also Ref. |24| . where the possible choice of sin 612 = was phrased as the requirement of mi = 1712, whose consequence was not fully 
discussed. 
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This prediction leads to the statement that the \i-t symmetry guarantees the appearance of the maximal atmospheric 
neutrino mixing, and of the vanishing # 13 . The fi-r symmetric mass matrix with |A_| < |A + | < |A| itself can give 
consistent mixing angles with the experimental data provided that an appropriate magnitude of #12 is produced. The 
similar conclusion can be obtained for |A| < |A_| < |A + | in the inverted mass hierarchy, where 7713 is still assigned to 
A. 

Starting with the same M„, we next assume |A+| < |A| < |A_| in the normal mass hierarchy, and assign A to m.2. 
In this mass-ordering, we construct Upmns to be: 

sum 

from which we obtain that 



sin6» 12 = 0, sin26» 23 = -a, tan2<9 13 = " v — e " , (13) 

M^ 1 - aM^ T - M ee 



2V2crM e (+) 



Therefore, we have sin #12 = instead of sin #13 = 0. The similar conclusion can be obtained for |A_| < |A+| < |A| in 
the inverted mass hierarchy, where m 2 is still assigned to A. 

There is a general formula |29j | that can treat both cases in a unified way. The mixing angles and masses are given 

by 

tan 2#i 9 = 



A2 — Ai ' 

{M TT - M w ) sin 26> 23 - 2M pr cos 2(9 23 = 2s 13 X, 
2Y 

tan20 13 = — , (14) 

A3 - M e ~ 



and 



where 



mi = c 12 Ai + s 12 A 2 - 2ci 2 si2^, m 2 = s 12 Ai + c 12 A 2 + 2ci 2 si2^, 

5 13 J 



™3 = C13A3 + 2ci 3 si 3 F + s 2 13 M ee , (15) 



v C2 3 M efi - s 23 M eT 

X = - , Y = s 23 M eM + c 23 Me T , 

Cl3 

Ai = c 2 13 M ee - 2c 13 s 13 Y + S13A3, A 2 = cl 3 M^ + s\ 3 M TT - 2si 3 c- 2a> M j 

s 23^m + c 23 



^aM VL a + ^aM rr + 2a Vi o sa M lir . (16) 



This formula reproduces the obtained results Ea. (|ll|l for C23 = (TS23 = 1/V2 and Ea, 113|l for C23 = — (TS23 = l/V% 
because M sym is specified by M eM = M eT = —oMi^ and Mm = M TT = Mm . 

It is readily found that the predictions of masses from Eg. 11511 are identical to the three eigenvalues in each mass- 
ordering. For instance, in the case of sin #12 = 0, we find that mi = Ai, which becomes 



mi = Mm - erAV + 1 {M ee - Mm + erM„ T ) . (17) 

1 *13 



By using 



{Mee - M^ + oM^f + 8M* - {M ee - At^ + aM^r) 

J ass; < (18 » 

calculated from tan 2#i3 in Eq. (|14|) , we reach 
mi = Mm - aM^ 

+ i (m„ - Mm + OM^ + sj {Mee - M M/i + oM^f + 8MjQ . (19) 
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Similarly, we find that 

ni3 = - aM^ 

(20) 



\ (m„ ~ M„ p + oM^ - yj {M ee - + ahl^f + 8M e 2 ^ 



2 

These results, respectively, coincide with A+ and A_, which is the case of Ea. (|f 2|) . 

III. APPROXIMATELY p-r SYMMETRIC TEXTURE 

To discuss how the /i-r symmetry breaking term Mb gives consistent predictions with the observed masses and 
mixings, we rely upon the formula provided by Eas. (|14|) and l|15|) . Since the experimentally allowed value of sin 2 613 = 
0(1O~ 2 ) can describe the hierarchical ratio of Am|/Amj tm , we retain terms of 0(sin 2 #13) in our calculations. The 

fi-r symmetry breaking effect is characterized by the parameter e, which control AfJ^ ' and . Our mass matrix, 
then, takes the following form: 

V ab' 

M v = I b d e ) + e | V d! | . (21) 

crb' -d' 

This texture is almost the same as the one discussed in Ref.|2J|. However, constraints on the flavor masses are 
not well clarified, and the case corresponding to sin0i 2 = is not discussed. These two subjects are examined in 
detail by focusing on the flavor structure of M„. We discuss how different flavor structure yielding the same mass 
pattern results in different predictions. The fi-r symmetry breaking generally induces the deviation of the atmospheric 
neutrino mixing from the maximal one as indicated by Ea.f I14|) for 623 because of A/ w ^ M TT and S13 ^ 0. This 
deviation is parameterized by A: 

1 + A 1- A 

C2.3 = ; s 23 = ±a ; 22) 

V2(l + A 2 )' ^2(1 + A 2 ) 

giving sm20 23 = ±cr(l - A 2 )/(l + A 2 ) and cos20 23 = 2A/(1 + A 2 ). The plus (minus) sign in front of a for S23 
specifies textures with sin 6*13 — > ( sin #12 — > 0) as e — > 0. 

The masses and mixing angles are given by the following equations: 




CI) with sin 6*i3 — * as e — > 0: 



mi 



TO2 



a + d - ae - (d + ae - a) t\ z + 2 (creA + ed') A X 



2 sin 26»i2 ' 

2 

13 



ere - (d + ae - a) t\ z + 2 (creA + ed') A X 



2 sin 20i2 ' 

m 3 « d + ae + (d + ae - a) tj 3 - 2 (creA + ed') A, (23) 



and 



tan 20i2 



tan 20i3 



2X 



d- ae- a + (d + ae- a) tj 3 + 2 (creA + ed') A ' 
2Y 



d + ae-a-2 (creA + ed') A 
cos 20 23 ~ 2A, sin 20 23 « a, (24) 



with 



X«V2(&(i + ^^)+ £ &'a), Y^V2a(eb'-bA), Aw _ ^ + vW (25) 
where we see the result of sin0i3 — * as e — > 0. 
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C2) with sin 0i2 — > as e — > 0: 



777-1 



777 2 



a + d + <re - (d - ere - a) tf 3 - 2 (creA - ed') A X 



2 sin 26»i2 ' 

a + d + ere - (d - ere - a) tj 3 - 2 (creA - ed') A X 



2 sin26»i2 
m 3 « d - ere + (d - ere - a) <i 3 + 2 (creA - ed') A, (26) 



and 



tan 26»i 



2X 



tan 26 



ere - a + 2 (d - ere - a) tj 3 - 2 (creA - ed') A ' 
2Y 



13 



rf - ere - a + 2 (creA - ed') A 
cos26» 23 «2A, sin 26»23 w -cr, (27) 



with 



X*V2(eb> + bA), Yn-V2a(b(l-^-)-sb'A), A « ad ' - ^^' e, (28) 

V V 2 / / 2e + V2si 3 6 

where sin #12 — > as e — > 0. It should be stressed again that the smallness of sin 2 6*13 is not guaranteed by 
the /i-T symmetry because Y is mainly proportional to 6, namely, to Mi£ . To obtain its smallness needs an 
additional requirement. 

It appears that, roughly speaking, masses given in C2) are almost the same as those in CI) by the change of 
cr — ► — er for e as M^ T . This correspondence occurs only if the contributions from X are suppressed in CI) because the 
suppression factor e as shown in Eq. l|28|) is always accompanied by those in C2). However, X needs not be suppressed 
in textures for CI), which cannot lead to textures in C2) by the change of a — » —a. 

IV. GENERAL RESULTS 

In this section, we discuss general features present in CI) and C2) as a consequence of the tiny fx-T symmetry 
breaking, whose effects on the neutrino masses and mixings are evaluated in the previous section. First of all, the 
relation between Am,Q and X can be expressed as 

= 2V2W^2)X 
sin zt/12 

The condition of Aitiq/ Am^ tm <C 1 requires that either mi + 777,2, or X is suppressed. These two options are used in 
CI) and C2) as follows: 

CI) The suppression of X is not a natural consequence, we may have mi + 7772 ~ 30] . If mi + 7772 ~ 0, X 
needs not be suppressed. The requirement of mi + 7772 ~ can be fulfilled if a + d — ere = 0, more precisely, 
\a + d — ere I <g; e 2 , is satisfied. The sum of mi + m 2 turns out to be C(sin 2 #13), which arises from the terms of 
i 2 3 , e and A in Eq.JJSJ • As a result, we obtain that 

Ami 

-sin 2 0i3, (30) 



2 



which is one of the main results found in this article. In the case of mi + 7772 7^ 0, X should be suppressed and 
b w is required because the 6'-term in X is more suppressed by the factor e 2 . 

C2) The suppression of X is a consequence of the tiny /j-t symmetry breaking that leads to X oc e. However, the 
phenomenological requirement of sin 2 6*13 <§; 1, thereby, of the relative smallness of Y, must be satisfied. From 
Y « — \f2o{b — eb'A), we may have Y w -V2er&. The suppression of Y can be achieved by the smallness of 
6. The similar situation to Ea. (|30|) also arises in C2), but Am^j Am\ tm receives an extra suppression due to e 
present in X, which makes Arn^j Am\ tm phenomenologically unacceptable. 
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To obtain Eq. (|30|l , we can show even in our general discussions that the mass orderings of neutrinos are not arbitrary. 
Since TO2 ~ —mi ps \2X/ sin20i2 and 1TI3 ps d + ecr, the relation can be obtained for the quasi degenerate mass 
pattern since both |d + eer| and \Xj sin20i2| are not suppressed and give |mi,2,3| ~ y Am 2 tm , or f° r the inverted mass 
hierarchy if d + ea ~ 0, giving |m 3 | ~ sin 2 0i3|mi,2| Hi|. 

It is instructive to note that the smallness of b can be ascribed to the approximate conservation of the electron 
number L e . Namely, a has L e = 2, 6, 6' have L e = 1 and d,e,d' have L e = |3lL l32| . In the case that the conservation 
of L e is perturbatively violated by an interaction of |AL e | = 1 with an appropriate small parameter rj |3lj |. it is not 
absurd to expect a oc r] 2 , b oc r\ and d, e oc 77°, which explain the required suppression of b. This mechanism is only 
possible for the normal mass hierarchy. It is because the condition of tan20 i2 = 0(1) requires d + ae ~ for a ~ 0, 
which gives mi^ ~ 0. If this is the case, we obtain that 

CI) sin 2 613 <C 1 due to the approximate /i-r symmetry and Amo/Am^ <C 1 due to the approximate L e - 
conservation (as long as mi + m,2 7^ 0). 

C2) sin 2 0i3 -c 1 due to the approximate L e -conservation and Amg/Am^ m -C 1 due to the approximate the fi- r 
symmetry. 

Therefore, any underlying dynamics equipped with these two symmetries can describe the gross feature of the neutrino 
oscillations as the normal mass hierarchy. 

There is a severe constraint on the flavor neutrino masses in C2) in order to satisfy sin 2 29\2 ~ 0(1)- Because X 
receives the fi -r symmetry breaking, X is suppressed. If d + ere — a ~ 0, we have tan2(9i 2 S> 1, leading to the almost 
maximal mixing, since the corrections to d + ae — a in the denominator of tan2#i2 in Ea. (|27|l are 0(e 2 ). We must 
obtain that \d + ere — a\ oc |e|, leading to 

IX 

tan 20i2 » . (31) 

d + ae — a 

As a result, the denominator cancels e in the numerator to yield tan20i2 ~ 0(1)- Therefore, any textures realized in 
C2) must satisfy that 

\d + ae - a\ cx \e\, (32) 

to match with sin 2 2#i2 ~ 0(1)- It means that the magnitude of d + ae — a should be adjusted so as to become as 
small as that of e. 

Our formula further shows a general relation between cos 2023 and other small quantities j2^ arising from the effect 
of the tiny /1 -r symmetry breaking. Such a relation comes from the formula of Ea.f ll4(l for 023 and is readily found 
that 

CI) because and S13 receive the /i-r symmetry breaking effect, their sizes are proportional to e, leading to 

aM^ - s 13 X . 
cos 2023 ~ cx £ ~ sin 0i3, (33) 



and 



C2) because X receives the \x-t symmetry breaking effect while si 3 is required to be phenomenologically suppressed, 
the product of Xsn is doubly suppressed and can be a vanishingly small quantity, leading to 

cos20 23 ~ -—- oc£~ — (34) 
mfj, T L±rn atm 



where e can be related to Amg/Am^ (m because X cx e in Ea. (|29|) . 

The faithful parameter measuring the size of the fi-r symmetry breaking effect is cos 2023. 
From Eas. (|25|l for CI) and H28|) for C2), we can, respectively, obtain that 

2eb' + abd' nn (d + ae - a) d! + 266' 

V2 [ae (d + ae - a) - b 2 ] ere (d + ae - a) - b z 

for d + ae — a 7^ 0, where S13 and cos 2023 satisfy Eq. H33|) . and 

V^ab (d-ae-a) d' + 2W 

si3~-~; , cos20 23 w j-, r — ro-E, (36) 

d — ae ~ a ae yd — ae — a) — b A 

for d — ae — a 7^ 0, which coincides with cos 2023 of Ea.C I34|l if the phenomenological requirement of sin 2 0i 3 1 is 
translated into the smallness of 6. 
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V. SUMMARY AND DISCUSSIONS 



We have clarified the effects from the \i-r symmetry breaking in neutrino mass textures. It is of great significance 
to recognize that the ordering of the eigenvalues for a given neutrino mass matrix conceptually yields completely 
different results. If the texture is /i-t symmetric, its diagonalization gives either sin #13 = for CI) or sin# 12 = 
for C2). Of course, the case of sin 6*13 = is a usually claimed result if the /1 -r symmetry is present. However, 
the case with sin #12 = is equally possible to arises and the /i-r symmetry breaking points to the suppression of 
Anig/ Am 2 tm . Practically, including the fi-r symmetry breaking effect of e, we can choose the case of sin 6*12 = 
as a phenomenologically acceptable one once a fine-tuning is invoked to yield sin 2 #12 = 0(1) provided that another 
requirement of sin 2 (9 13 <C 1 is fulfilled. This observation indicates that the C2) case necessarily involves two small 
quantities, which is e, and another quantity rj that keeps sin 2 #13 <C 1. However, it would be curious to have sin #12 = 
in the symmetric limit. It is only possible if the zero-th order contribution is as small as e. Since the e -term is placed 
on the numerator of tan26 ) i2, the necessary condition to have sin 2 28\2 — 0(1) is to require \d + ae — a\ ~ rj with 
1 77 1 ~ |e| in the denominator. 

The relations among cos 2#23, sin #13 and Am,Q/Am 2 trra are shown to indicate the general property for any texture 
as described in Eas. l|33() and 134(1 . We have found the relations: 

Am. 

cos 26*23 ~ sin 6»i3 , cos 26> 23 ~ — 5^- , (37) 

respectively, for CI) and C2). It is clear that there is no relationship between sin #13 and Am|/Am^ tm as long as the 
results of the fi-T symmetry breaking are concerned. To have any correlation between sin 2 6q 3 and Amg/Am 2 tm , we 
need some specific relations among the flavor masses, which currently arise from other phenomenological requirements. 

We have also argued that the suppression of Am|, which is estimated to be Anig = 2^/2{m\ + m<i)Xj sin 26*12, 
requires either 

• mi + mi sa 0, or 

• X « 0, where tan26>i2 is proportional to X. 

To satisfy X as is a consequence of the approximate /i-t symmetry breaking in C2). On the other hand, the CI) 
case requires m\ + ra-i k, including the suppression of both mi and ni2 such as in the normal mass hierarchy. If we 
demand that a + d — ae = 0, we obtain mi + m.2 oc sin 2 #13 from Ea. l|23[) . leading to 



sin* flu, (38) 

L -^" l atm 

as in Ea. (|3(J[) . which arises from contributions of C(sin 2 6*13). It is also argued that this relation is only possible for the 
inverted mass hierarchy, and the quasi degenerate mass pattern with 17711,2.3 1 ~ \J Am 2 tOT . The similar relation also 
exists for C2), but it may not be phenomenologically acceptable because of the further suppression of Amg/Am 2 tm 
due to X. 

Additional necessary suppression is required in the C2) case to meet sin 2 #13 <C 1, which may be due to the 
approximate L e conservation. The presence of this conservation also helpful to have Airig -C 1 for CI) with mi +7712 7^ 
0. We expect the following scenarios to emerge. First, any underlying dynamics equipped with the approximate fi-T 
symmetry, and the approximate L e -conservation explains sin 2 #13 <C 1 as well as Amg/Am 2 tm <C 1. Furthermore, in 
C2), sin 2 26»i2 = 0(1) should be realized and can be obtained if the dynamics ensures that \d + ae — a\ oc |e|. Next, 
especially in CI), the dynamics only equipped with the approximate /i -r symmetry can describe sin 2 6*13 <C 1 and 
Amg/Am 2 tm 1 if it ensures that a + d — ae = 0. 

In conclusion, we have demonstrated how the argument based on the /i-r symmetry is powerful not only for the 
classification of textures but also for the discovery of general correlations among sin 6*13, 008 26*23 and Amg/Am^ m . 
The origin of Arag/Am^ fm -C 1 can be ascribed to the approximate L e conservation in the normal mass hierarchy, 
and to the relationship of Amg/Am 2 tm ~ sin 2 6q 3 in the inverted mass hierarchy, and the quasi degenerate mass 
pattern. More precise estimation of these relations is possible if we construct explicit textures leading to the normal 
and inverted mass hierarchies, and to the quasi degenerate mass pattern. 
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